The new example of N = 2 supersymmetric Landau-Ginzburg theories is considered when the critical values of the superpotential w(x) form the regular two-ring configuration. It is shown that at the deformation, which does not change the form of this configuration, the vacuum state metric satisfies the equation of non-Abelian 2 × 2 Toda system. In [1] the authors have considered N = 2 supersymmetric Landau-Ginzburg theories and have showed that in many cases the metric for supersymmetric ground states for special deformations of this metric satisfies the certain system of PDE's, such as Toda equations. For further development related to the theory see [2] , [3] .
In [1] the authors have considered N = 2 supersymmetric Landau-Ginzburg theories and have showed that in many cases the metric for supersymmetric ground states for special deformations of this metric satisfies the certain system of PDE's, such as Toda equations. For further development related to the theory see [2] , [3] .
In the note [4] two new examples of such theories were considered. The purpose of this letter is to give an additional example of such theories. Namely we will show here that the two-ring case gives instead of the standard Toda system, the so-called non-Abelian 2 × 2 Toda system.
1. Let us remind first of all some basic facts from N = 2 supersymmetric Landau-Ginzburg theory (for more details see [1] ). The basic quantities here are the chiral fields φ i , the vacuum state |0 > and the states |j >= φ j |0 > .
(
The action of φ j on this state gives
So the action of the chiral field φ i in the subsector of vacuum states is given by the matrix (C i ) k j = C k ij . Analogously, we have anti-chiral fields φī and the states |j >. So we may define two metric tensors
and
which should satisfy the condition
The theory is determined by the superpotential w(x j ) which is holomorphic function of complex variables x i . The superpotential completely determines the chiral ring
and we may also determine the metric η ij by the formula
where
As for the metric g ij , then, as was shown in [1] , it should satisfy the zerocurvature conditions∂
Note also that the metric g ij should satisfy the "reality constraint"
2. Let us begin to describe the system. As for the superpotential w(x) we take
Then
So the zeros of w ′ (x) are located on two rings
So the chiral ring take the form
so that
3. Now using (8) we can calculate the metric tensor
We have
So for 0 ≤ i ≤ 2n − 1, 0 ≤ j ≤ 2n − 1 we have
(23) and the matrix η ij in the basis √ t {1, x, . . . , x 2n−1 } takes the form
where J is the n × n matrix
4. Structure of Chiral Algebra. Note first at all that since
where a 0 , . . . , a n−1 , b 0 , . . . , b n−1 are distinct, we have the C-algebra isomorphism
(by the Chinese Reminder Theorem).
Then {δ 0 , . . . , δ n−1 , δ ′ 0 , . . . , δ ′ n−1 } is a basis of R, and its relation with the monomial basis {1, x, . . . , x 2n−1 } is given by the formula
(29) Therefore the topological-topological coupling with respect to basis
5. Lemma.
The group of C-algebra automorphisms of R is generated by the transformation θ: x → ωx.
Hence, θ:
. .
θ:
(33) Let us go now to the consideration of topological-antitopological couplings (g ij ). As was shown in ref. [1] this matrix should satisfy the equation
and the reality constraint
Note first of all that in the ring R we have
Then, for the multiplication up to x in the basis { √ t, √ tx, . . . , √ tx 2n−1 } there corresponds the matrix
and for the multiplication up to x n+1 there corresponds the matrix
Hence the matrix C in this basis has the form
As for the matrix (g ij ) it has to be invariant relative to the automorphism θ of R and hence it should have the form
Let us consider now the reality constraint. For this purposes it is convenient to use the basis φ j in R:
so that in this basis the matrix η takes a very simple form
where the matrix J is given by the formula (25). From this we have
and from the reality constraint and g * = g t , it follows that
Let us consider now the behavior as c → 0. In the basis {1, x, . . . , x 2n−1 } we have
. . .
So that in the limit c → 0 we have
and we get the Toda equations. It is also possible to get the precise results for arbitrary value of it, if we use the theory of Chebyshev polynomials.
Let us remind that the Chebyshev polynomial U k (t) is defined by the recurrent relation
and by "initial conditions"
So we have
and the generating function for these polynomials
Substituting z → iz, t → it, we obtain
whereŨ
Then we haveŨ
Now it easy to prove the following Lemma. For d ≥ 0
Proof. Let us take the change z → x −1 in (52). We have
Hence,
and we have
If we put here x = 0 we obtain C(t) =Ũ d (t).
To obtain the explicit expression for matrix C, note that this matrix is determined by the multiplication of the element x − c n+1 x n+1 in the ring R.
So,
From here we obtain the characteristic equation
Let us define
In this situation
j=0 is the basis of R and we have . . .
where D = (λ n (c)) 1/n 0 0 (µ n (c)) 1/n .
In this basis the matrix of topological-antitopological couplings has the form
and the basic equation (9) takes the form
So, this equation is the equation for the nonabelian Toda system, where the quantities G j are elements of the non-Abelian group SL(2, R).
